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SUMMARY

In this paper, the problems of stochastic disturbance attenuation and asymptotic stabilization via output
feedback are investigated for a class of stochastic nonlinear systems with linearly bounded unmeasurable
states. For the first problem, under the condition that the stochastic inverse dynamics are generalized
stochastic input-to-state stable, a linear output-feedback controller is explicitly constructed to make the
closed-loop system noise-to-state stable. For the second problem, under the conditions that the stochastic
inverse dynamics are stochastic input-to-state stable and the intensity of noise is known to be a unit matrix,
a linear output-feedback controller is explicitly constructed to make the closed-loop system globally
asymptotically stable in probability. Using a feedback domination design method, we construct these two
controllers in a unified way. Copyright # 2007 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The design of global stabilization controller for stochastic nonlinear systems has been an active
area of research in recent years ([1–3] and the references therein). Since Deng and Krstić [4]
firstly gave a result of output-feedback stabilization, the output-feedback controller design for
stochastic nonlinear systems has received more intensive investigation [2, 5–9], which is because
not only in general, the design of output-feedback control is more difficult and challenging than
that of full state-feedback control, but also the output-feedback control is more practical in
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engineering. However, these known results are limited to the systems in output-feedback form,
in which the nonlinear terms only depend on the measured output. For the deterministic
systems, in [10] counterexamples were given indicating global stabilization of the nonlinear
systems in general low-triangular form via output feedback is usually impossible without
introducing extra growth conditions on the unmeasurable states of the system. Since then, much
research work has been focused on the output-feedback global stabilization of nonlinear systems
under various structure or growth conditions [11–16]. Recently, there are some results of
output-feedback control for the stochastic nonlinear systems in which nonlinear terms are
dependent on the output and unmeasurable inverse dynamics or unmodeled dynamics [3, 17, 18].
But for stochastic nonlinear systems dependent on general unmeasurable states, to the authors’
knowledge, there is no related result.

In this paper, we consider disturbance attenuation and asymptotic stabilization via output
feedback for a class of stochastic nonlinear systems in which drift and diffusion terms depend on
unmeasurable states besides the output and unmeasurable inverse dynamics. Firstly, to deal
with stochastic inverse dynamics, two stability concepts are introduced: stochastic input-to-state
stable (SISS) with respect to the stochastic input and generalized SISS (GSISS) with respect to
the stochastic input and unknown covariance of noise. Under the assumption that the inverse
dynamics are GSISS, a linear output-feedback controller is explicitly constructed to make the
closed-loop system noise-to-state stable; when the intensity of noise is known to be unit matrix,
under the assumption that the inverse dynamics are SISS, a linear output-feedback controller is
explicitly constructed to make the closed-loop system globally asymptotically stable in
probability. Based on a feedback domination design method, a unified design procedure for
the above two controllers is supplied.

The remainder of the paper is organized as follows. Section 2 provides some notations and
preliminaries. Section 3 describes the problem to be investigated. Section 4 presents the design of
high gain observer. The output-feedback control design procedure is given in Section 5. Stability
analysis of the closed-loop system in question is given in Section 6. Section 7 contains some
concluding remarks.

2. NOTATIONS AND PRELIMINARIES

The following notations will be used throughout this paper. Rþ denotes the set of all
nonnegative real numbers; Rn denotes the real n-dimensional space; Rn�r denotes the real n� r
matrix space. For a given vector or matrix X ; XT denotes its transpose; TrðXÞ denotes its trace
when X is square; jX j denotes the Euclidean norm of a vector X ; jjX jj denotes the Frobenius
norm of matrix X defined by jjXjj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TrðXTXÞ

p
; lminðXÞ and lmaxðXÞ denote the minimal and

maximal eigenvalue of symmetric real matrix X ; respectively; Ci denotes the set of all functions
with continuous ith partial derivatives; C2;1ðRn

� Rþ;RþÞ denotes the family of all nonnegative
functions Vðx; tÞ on Rn

� Rþ which are C2 in x and C1 in t; K denotes the set of all functions:
Rþ ! Rþ; which are continuous, strictly increasing and vanish at zero; K1 denotes the set of
all functions which are of class K and unbounded; KL denotes the set of all functions bðs; tÞ:
Rþ � Rþ ! Rþ; which is of K for each fixed t; and decreases to zero as t!1 for each fixed s:

For a given stochastic system

dx ¼ ð f ðx; tÞ þ gðx; tÞuÞ dtþ hðx; tÞ dw
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define a differential operator L as follows:

LV ¼
@V

@t
þ
@V

@x
f ðx; tÞ þ

@V

@x
g ðx; tÞ uþ

1

2
Tr hTðx; tÞ

@2V

@x2
h ðx; tÞ

� �

where Vðx; tÞ 2 C2;1ðRn
� Rþ;RþÞ; x 2 Rn is the state, u 2 R is the control input; f 2 Rn; g 2 Rn

and h 2 Rn�r are locally Lipschitz functions; w is an r-dimensional standard Brownian motion
defined on a complete probability space ðO;F;PÞ with O being a sample space, F being a
s-field, and P being the probability measure.

For control-free stochastic nonlinear systems of the form:

dx ¼ f ðx; tÞ dtþ hðx; tÞ dw ð1Þ

the following stability notions introduced in [19] will be used in the paper.

Definition 1
For system (1) with f ð0; tÞ � 0 and hð0; tÞ � 0; the solution xðtÞ � 0 is said to be globally
asymptotically stable in probability (GASiP), if for any given E 2 ð0; 1Þ, there exists a function
bð�; �Þ 2KL such that

PfjxðtÞj5bðjx0j; tÞg51� E; 8t50; 8xð0Þ ¼ x0 2 Rn
\f0g

The following theorem gives sufficient conditions on the stability introduced above.

Theorem 1 (Krstić and Deng [19])
For system (1), assume that f ðx; tÞ; hðx; tÞ are locally Lipschitz in x uniformly in t: If there exists
a function Vðx; tÞ 2 C2;1ðRn

� Rþ;RþÞ; which is positive definite and radially unbounded in
x uniformly in t; a constant c50; and a positive definite function WðxÞ such that

LV4�WðxÞ þ c

then

(a) there exists an almost surely unique solution on ½0;1Þ;
(b) the zero solution of system (1) is GASiP, when f ð0; tÞ � 0; hð0; tÞ � 0 and c ¼ 0:

Consider the following stochastic nonlinear systems:

dx ¼ f ðx; v; tÞ dtþ gðx; v; tÞSðtÞ dw ð2Þ

where x 2 Rn is the state, v ¼ vðx; tÞ : Rn
� Rþ ! Rm is the input, S : Rþ ! Rr�r is a Borel

bounded measurable function and the matrix SðtÞ is nonnegative definite for each t50; w is an
r-dimensional standard Brownian motion defined on the complete probability space ðO;F;
fFtgt50;PÞ with fFtgt50 being a filtration; f : Rn

� Rm
� Rþ ! Rn and g : Rn

� Rm
� Rþ !

Rn�r are assumed to be locally Lipschitz in ðx; vÞ uniformly in t: Assume that for every initial
condition xð0Þ ¼ x0; each essentially bounded measurable input v and Borel bounded
measurable function SðtÞ; system (2) has a unique solution xðtÞ on ½0;1Þ which is Ft-adapted,
t-continuous, and measurable with respect to B�F; where B denotes the Borel s-algebra of R

[20]. Then, we have the following definitions.
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Definition 2
System (2) with SðtÞ ¼ I is SISS if for any given E 2 ð0; 1Þ; there exists a KL function bð�; �Þ and
a K function gð�Þ such that

P jxðtÞj5bðjx0j; tÞ þ g sup
04s4t

jjvsjj

� �� �
51� E; 8t50; 8x0 2 Rn

\f0g ð3Þ

where jjvsjj ¼ infA�O;PðAÞ¼0 supfjvðxðo; sÞ; sÞj : o 2 O\Ag:

Definition 3
System (2) is GSISS if for any given E 2 ð0; 1Þ; there exists a KL function bð�; �Þ and K
functions gð�Þ and gwð�Þ such that

P jxðtÞj5bðjx0j; tÞ þ g sup
04s4t

jjvsjj

� �
þ gw sup

04s4t

jjSðsÞSðsÞTjj
� �� �

51� E; 8t50; 8x0 2 Rn
\f0g

Remark 1
Different from all the existing concepts characterizing the SISS behavior, here the input v in
system (2) is assumed to be a function of t and x; precisely, v ¼ vðxðo; tÞ; tÞ; and can be regarded
as a Markov control input, which ensures the corresponding solution process xðo; tÞ is an Itô
diffusion, and hence, a Markov process [21]. This kind of input is the most general one for the
systems described by Itô diffusion stochastic differential equations, for which global control
design has been a hot topic of research in recent years (see [2, 22] and the references therein). The
above definitions are generalization of NSS [19]; and when vðx; tÞ ¼ vðtÞ is deterministic and
SðtÞ ¼ I ; Definition 2 is the SISS given in [23].

Remark 2
In system (2), SðtÞ indicates the intensity of the system noise. In practical systems, SðtÞ exists
widely. For instance, in the model of stock price

dpðtÞ ¼ pðtÞ½bðtÞ dtþ SðtÞ dwðtÞ�

pðtÞ ¼ ½p1ðtÞ; . . . ; pnðtÞ�
T where piðtÞ is the price per share of the ith stock at time t; and SðtÞ ¼

ðsijðtÞÞ where sij is called ‘volatility coefficient’ and models the instantaneous intensity with
which the jth source of uncertainty influences the price of the ith stock at time t (see e.g. [24, 25]).

The following theorem and corollary provide sufficient conditions on GSISS and SISS,
respectively.

Theorem 2
For system (2), assume that f ðx; v; tÞ; gðx; v; tÞ are locally Lipschitz in ðx; vÞ uniformly in t: If there
exists a function Vðx; tÞ 2 C2;1ðRn

� Rþ;RþÞ and K1 functions a1; a2; a; w; ww such that

a1ðjxjÞ4Vðx; tÞ4a2ðjxjÞ ð4Þ

LV4� aðjxjÞ þ wðjvjÞ þ wwðjjSS
TjjÞ ð5Þ
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then,

(a) system (2) is GSISS;
(b) if v ¼ 0; system (2) is NSS.

Proof
See Appendix A. &

Similar to the proof of Theorem 2, we can obtain the following result.

Corollary 1
For system (2) with SðtÞ � I ; assume that f ðx; v; tÞ; gðx; v; tÞ are locally Lipschitz in ðx; vÞ
uniformly in t: If there exists a function Vðx; tÞ 2 C2;1ðRn

� Rþ;RþÞ and K1 functions a1; a2;
a; w such that

a1ðjxjÞ4Vðx; tÞ4a2ðjxjÞ

LV4 � aðjxjÞ þ wðjvjÞ

then system (2) is SISS.

Remark 3
From Theorem 2 and Corollary 1, it can be seen that the sufficient conditions of (generalized)
SISS are similar to their deterministic counterparts [11, 14, 26]. But the (generalized) SISS is
applicable for more general inputs, including the general deterministic input vðtÞ; the intensity
SðtÞ of the noise, or even the stochastic process input vðx; tÞ: In addition, its analysis is more
complex and difficult, which can be seen from the proof of Theorem 2 and the following
problems to be investigated.

3. PROBLEM FORMULATION

Consider the following stochastic system:

dxz ¼ f0ðxz; y; tÞ dtþ g0ðxz; y; tÞSðtÞ dw ð6Þ

dx1 ¼ðx2 þ f1ðx1;xz; tÞÞ dtþ g1ðx1;xz; tÞSðtÞ dw

..

.

dxn�1 ¼ðxn þ fn�1ð %xn�1;xz; tÞ dtþ gn�1ð %xn�1;xz; tÞSðtÞ dw

dxn ¼ðuþ fnð %xn;xz; tÞ dtþ gnð %xn; xz; tÞSðtÞ dw

y ¼x1 ð7Þ

where x ¼ ½x1; . . . ;xn�
T is the state, u 2 R is the control input, y 2 R is the measured output;

xz 2 Rm is the state of the unmeasurable inverse dynamics; %xi ¼ ½x1; . . . ; xi�
T; fi; gi; i ¼

0; . . . ; n; are locally Lipschitz in the first two arguments uniformly in t and satisfy
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fið0; 0; tÞ � 0; gið0; 0; tÞ � 0; S : Rþ ! Rr�r is a Borel bounded measurable function and SðtÞ is
nonnegative definite for each t50:

Consider the following two groups of assumptions. The first group is for the disturbance
attenuation problem, while the second one is for the asymptotic stabilization problem.

A1: There exist known positive constants Cf ;Cg; and Kf such that for any i ¼ 1; . . . ; n;

j fið %xi;xz; tÞj4Cf ðjx1j þ � � � þ jxijÞ þ Kf jxzj

jgið %xi;xz; tÞj4Cg

A2: There exist known positive constants a; g; gw and a function Vzðxz; tÞ 2 C2;1ðRm
�

Rþ;RþÞ; which is positive definite and radially unbounded in xz uniformly in t; such that

LVz4� ajxzj2 þ gjyj2 þ gwjjSjj
2 ð8Þ

B1: SðtÞ � I :
B2: There exist known positive constants Cf ;Cg;Kf ; and Kg such that for any i ¼ 1; . . . ; n;

jfið %xi;xz; tÞj4Cf ðjx1j þ � � � þ jxijÞ þ Kf jxzj

jgið %xi;xz; tÞj4Cgðjx1j þ � � � þ jxijÞ þ Kgjxzj

B3: There exist known positive constants a; g and a function Vzðxz; tÞ 2 C2;1ðRm
� Rþ;RþÞ;

which is positive definite and radially unbounded in xz uniformly in t; such that

LVz4� ajxzj2 þ gjyj2 ð9Þ

In this paper, the following two problems are to be solved.

3.1. Disturbance attenuation problem

For system (6)–(7), under Assumptions A1 and A2, the control objective is to design a smooth
dynamic output-feedback controller

’w ¼$ðw; yÞ

u ¼ mðw; yÞ ð10Þ

such that the closed-loop system consisting of (6), (7) and (10) is stochastic disturbance
attenuation in the NSS sense [1].

3.2. Asymptotic stabilization problem

For system (6)–(7), under Assumptions B1–B3, the control objective is to design a smooth
dynamic output-feedback controller (10) such that the closed-loop system consisting of (6), (7)
and (10) is GASiP.

Remark 4

(i) Due to the existence of unmeasurable states x2; . . . ;xi in nonlinear terms fi and unknown
covariance of the noise, the boundedness of the diffusion terms gi is assumed in
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Assumption A1. This technical assumption, similar to that in [7], is required to bound the
estimate error by appropriate terms, which will be clear later.

(ii) By Theorem 2 and Assumption A2, the inverse dynamic (6) is GSISS. By Corollary 1 and
Assumption B3, the inverse dynamic (6) is SISS with respect to the virtual input y: For the
unmeasurable states of system (7) is linearly bounded, here these two stabilities are
assumed to be satisfied with quadratic gain functions as in [14].

(iii) From Assumptions A1 and B2, system (7) is assumed to be dominated by a general
triangular system with linear growth nonlinear terms or bounded diffusion terms. It
should be pointed that this class of systems represents an important class of stochastic
nonlinear systems which are not covered by the previous work.

4. HIGH-GAIN OBSERVER DESIGN

First, we introduce a state-estimator for subsystem (7):

’#x1 ¼ #x2 þ La1ðy� #x1Þ

..

.

’#xn�1 ¼ #xn þ Ln�1an�1ðy� #x1Þ

’#xn ¼ uþ Lnanðy� #x1Þ ð11Þ

where L51 is a gain parameter to be determined later, and ai > 0; i ¼ 1; . . . ; n; are real numbers
such that the polynomial pðsÞ ¼ sn þ a1s

n�1 þ � � � þ an is Hurwitz.
Let ei ¼ ðxi � #xiÞ=Li�1; i ¼ 1; . . . ; n and e ¼ ½e1; . . . ; en�T: Then we obtain the following error

dynamics:

de ¼ ½LAeþ Fe� dtþ GeS dw ð12Þ

where

A ¼

�a1

..

.

�an�1

In�1

�an 0 � � � 0

2
6666664

3
7777775
; Fe ¼

f1

1

L
f2

..

.

1

Ln�1
fn

2
6666666664

3
7777777775
; Ge ¼

g1

1

L
g2

..

.

1

Ln�1
gn

2
6666666664

3
7777777775

For the polynomial pðsÞ ¼ sn þ a1s
n�1 þ � � � þ an is designed to be Hurwitz, there exists a

positive-definite matrix P such that

ATPþ PA ¼ �I

In the following, we give error dynamics analysis for the two problems mentioned above.
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4.1. Error dynamics analysis of disturbance attenuation problem

By Assumption A1 and L51; we have the following estimates:

jFej
2 ¼

Xn
i¼1

1

Li�1
fi

����
����
2

4
Xn
i¼1

1

Li�1
Cf ðjx1j þ � � � þ jxijÞ þ Kf jxzj

� �2

4 2
Xn
i¼1

1

Li�1
Cf ðjx1j þ � � � þ jxijÞ

� �2
þ2nK2

f jxzj
2

4 2nC2
f jx1j þ

jx2j

L
þ � � � þ

jxnj

Ln�1

� �2

þ2nK2
f jxzj

2 ð13Þ

jGej
2 ¼

Xn
i¼1

1

Li�1
gi

����
����
2

4nC2
g ð14Þ

Let VeðeÞ ¼ deTPe; where d > 0 is a parameter to be specified later. Then, by (12)–(14) and Itô
formula, we obtain

LVe ¼ dLeTðATPþ PAÞeþ 2deTPFe þ d TrðSðtÞTGT
e PGeSðtÞÞ

4 � dLjej2 þ d½jeTPj2 þ jFej
2� þ dlmaxðPÞjGej

2jjSðtÞjj2

4 � dLjej2 þ djjPjj2jej2 þ 2ndC2
f jx1j þ

jx2j

L
þ � � � þ

jxnj

Ln�1

� �2

þd2nK2
f jxzj

2

þ dlmaxðPÞnC
2
gjjSðtÞjj

2

¼ � dðL� jjPjj2Þjej2 þ 2ndC2
f jx1j þ

jx2j

L
þ � � � þ

jxnj

Ln�1

� �2

þ 2ndK2
f jxzj

2 þ dlmaxðPÞnC
2
gjjSðtÞjj

2

Noticing jð1=Li�1Þxij4jð1=Li�1Þ #xij þ jeij; we have

LVe4 � dðL� jjPjj2Þjej2 þ Ce1 je1j þ � � � þ jenj þ j #x1j þ
j #x2j

L
þ � � � þ

j #xnj

Ln�1

� �2

þD1ðxz;SÞ

4 � dðL� jjPjj2Þjej2 þ 2Ce1ðje1j þ � � � þ jenjÞ
2
þ 2Ce1 j #x1j þ

j #x2j

L
þ � � � þ

j #xnj

Ln�1

� �2

þD1ðxz;SÞ

4 � ½dðL� jjPjj2Þ � 2nCe1�jej2 þ 2Ce1n j #x1j
2 þ
j #x2j

2

L2
þ � � � þ

j #xnj
2

L2n�2

� �
þ D1ðxz;SÞ ð15Þ

where Ce1 ¼ 2ndC2
f ; D1ðxz;SÞ ¼ 2ndK2

f jxzj
2 þ dlmaxðPÞnC

2
gjjSjj

2:
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4.2. Error dynamics analysis of asymptotic stabilization problem

By Assumptions B1 and B2 and L51; we have the following estimates:

jGej
242nC2

g jx1j þ
jx2j

L
þ � � � þ

jxnj

Ln�1

� �2

þ2nK2
g jxzj

2 ð16Þ

Similar to the above subsection, let VeðeÞ ¼ deTPe: Then, by (12), (13), (16) and jð1=Li�1Þxij4
jð1=Li�1Þ #xij þ jeij; we obtain

LVe4� ½dðL� jjPjj2Þ � 2nCe2�jej2 þ 2nCe2 j #x1j
2 þ
j #x2j

2

L2
þ � � � þ

j #xnj
2

L2n�2

� �
þ D2ðxzÞ ð17Þ

where Ce2 ¼ 2ndðC2
f þ lmaxðPÞC

2
gÞ; D2ðxzÞ ¼ 2ndðK2

f þ lmaxðPÞK
2
g Þjxzj

2:

Remark 5
Here, similar to the deterministic case, we design a high-gain observer (11) with a to-be-deter-
mined gain parameter L for partially unmeasurable states. But due to the existence of the noise,
the error dynamic analysis is more complex than the deterministic case. In the next section, we
will design the linear output-feedback controller and gain parameter L simultaneously.

5. OUTPUT-FEEDBACK CONTROLLER DESIGN

In this section, we supply a unified control design procedure for the disturbance attenuation and
asymptotic stabilization problems by using feedback domination design method. In the sequel,
Ce will be used to denote Ce1 or Ce2; and D denotes D1 or D2; accordingly.

Step 1: Let z1 ¼ #x1 and V1 ¼ Ve þ
1
2
#x21: Then, by (11) and (15) or (17), we have

LV14 � ½dðL� jjPjj2Þ � 2nCe�jej2 þ 2nCe j #x1j
2 þ
j #x2j

2

L2
þ � � � þ

j #xnj
2

L2n�2

� �

þ Dþ #x1ð #x2 þ La1e1Þ ð18Þ

Defining z2 ¼ #x2 � f1ð #x1Þ and noticing that

#x1La1e14L
a21j #x1j

2

4
þ Le21

2nCej #x1j
24 2nCeLj #x1j

2; #x1z24
1

4L
z22 þ Lj #x1j

2

2nCe
j #x2j

2

L2
¼ 2nCe

jz2 þ f1ð #x1Þj
2

L2
44nCe

z22 þ f2
1

L2

by (18) we have

LV14 � ½dðL� jjPjj2Þ � 2nCe � L�jej2 þ 2nCe
j #x3j

2

L4
þ
j #x4j

2

L6
þ � � � þ

j #xnj
2

L2n�2

� �

þ #x1 f1 þ 2nCeL #x1 þ
La21
4

#x1 þ L #x1

� �
þ 4nCe

z22
L2
þ 4nCe

f2
1

L2
þ

1

4L
z22 þ D ð19Þ
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Different from the control design of the systems in output-feedback form, here the virtual
control f1 appears as a disturbance in the term 4nCef

2
1=L

2; which can be canceled by properly
designing the parameter L:

Define the virtual control law

f1ð #x1Þ ¼ �Lb1 #x1 ð20Þ

where b1 ¼ 2n� 1þ 2nCe þ a21=4þ 1: Then it follows from (19) that

LV14 � ½dðL� jjPjj2Þ � 2nCe � L�jej2 þ 2nCe
j #x3j

2

L4
þ
j #x4j

2

L6
þ � � � þ

j #xnj
2

L2n�2

� �

� ð2n� 1ÞL #x21 þ
4nCe

L2
z22 þ 4nCeb

2
1 #x

2
1 þ

1

4L
z22 þ D

¼ � ½dðL� jjPjj2Þ � 2nCe � L�jej2 þ 2nCe
j #x3j

2

L4
þ
j #x4j

2

L6
þ � � � þ

j #xnj
2

L2n�2

� �

� ½2nL� 4nCeb
2
1 � L�j #x1j

2 þ
4nCe

L2
z22 þ

1

4L
z22 þ D ð21Þ

Step k ðk ¼ 2; . . . ; n� 1Þ: At this step, we can obtain a property similar to (21), which is
presented by the following lemma.

Lemma 1
For every k ¼ 1; . . . ; n� 1; there exist smooth functions fi; ð14i4kÞ such that fið0Þ ¼ 0
and along the solutions of (11) and (12), the Lyapunov function candidate Vk ¼ V1 þ

Pk
i¼2

ð1=2L2ði�1ÞÞz2i satisfies

LVk4 � ½dðL� jjPjj2Þ � 2nCe � kL�jej2 þ 2nCe
j #xkþ2j

2

L2kþ2
þ � � � þ

j #xnj
2

2L2n�2

� �

� ð2nL� 4nCeb
2
1 � kLÞz21 �

Xk
j¼2

1

L2j�2
½ðnþ j � kÞL� 4nCeb

2
j �z

2
j

þ
4nCe

L2k
z2kþ1 þ

1

4L2k�1
z2kþ1 þ D ð22Þ

where

zi ¼ #xi � fi�1ð #xi�1Þ; i ¼ 2; . . . ; k; #xnþ1 ¼ u; znþ1 ¼ 0

fi�1 ¼ � Lbi�1zi�1

zi�1 ¼ #xi�1 þ Lbi�2 #xi�2 þ L2bi�2bi�3 #xi�3 þ � � � þ Li�2bi�2bi�3 � � � b1 #x1

bi ¼ nþ 4nCe þ
1

4
þ

*d2
i

4
þ

d2
i1

4
þ � � � þ

d2
i;i�1

4
þ dii þ 1; i ¼ 2; . . . ; n� 1
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*di ¼ ai þ bi�1 � � � b1a1 þ bi�1 � � � b2a2 þ � � � þ bi�1ai�1

di1 ¼ � bi�1 � � � b1b1

dij ¼ bi�1 � � � bjbj�1 � bi�1 � � � bjbj ; 24j4i � 1

dii ¼ bi�1

Proof
See Appendix B. &

Using the inductive argument step by step, at the nth step, by the foot note appearing in
Appendix B on page 21, one can design the control law

u ¼ � Lbnzn ¼ �Lbnð #xn þ Lbn�1ð #xn�1 þ � � � þ Lb2ð #x2 þ Lb1 #x1Þ � � �Þ

¼ � Lbn #xn � L2bnbn�1 #xn�1 � � � � � Lnbnbn�1bn�2 � � � b1 #x1 ð23Þ

where

bn ¼ nþ 4nCe þ
1

4
þ

*d2
n

4
þ

d2
n1

4
þ � � � þ

d2
n;n�1

4
þ dnn

In this case, we have

LVn4 � ½dðL� jjPjj2Þ � 2nCe � nL�jej2 � ðnL� 4nCeb
2
1Þz

2
1

�
Xn�1
j¼2

1

L2 j�2
½ð j þ 1ÞL� 4nCeb

2
j �z

2
j � nL3�2nz2n ð24Þ

6. STABILITY ANALYSIS OF THE CLOSED-LOOP SYSTEM

6.1. Disturbance attenuation problem

By (24) and the definitions of Ce and D (with respect to Assumption A1), we have

LVn4 � ½dðL� jjPjj2Þ � 2nCe1 � nL�jej2 þ 2ndK2
f jxzj

2 þ dlmaxðPÞnC
2
gjjSðtÞjj

2

� ðnL� 4nCe1b
2
1Þz

2
1 �

Xn�1
j¼2

1

L2 j�2
½ð j þ 1ÞL� 4nCeb

2
j �z

2
j � nL3�2nz2n ð25Þ

Consider the following Lyapunov function:

W1ðxz; #xnÞ ¼ Vn þ
q1 þ E

a
Vz

where q1 ¼ 2ndK2
f ; E > 0: Then, by (8), (25) and jyj2 ¼ j #x1 þ e1j242j #x1j

2 þ 2je1j2; we have

LW14 � c1jej2 � c2z
2
1 �

Xn
j¼2

ljz2j þ pjjSjj2 � Ejxzj2 þ
q1 þ E

a
gjyj2

4 � c1jej2 � c2z
2
1 �

Xn
j¼2

ljz2j � Ejxzj2 þ 2
q1 þ E

a
gz21 þ 2

q1 þ E
a

gjej2 þ pjjSjj2 ð26Þ
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where
c1 ¼ dðL� jjPjj2Þ � 2nCe1 � nL

c2 ¼ nL� 4nCe1b
2
1

lj ¼
1

L2j�2
½jL� 4nCe1b

2
j �; j ¼ 2; . . . ; n� 1

ln ¼ nL3�2n

Ce1 ¼ 2ndC2
f

p ¼ dlmaxðPÞnC
2
g þ

q1 þ E
a

gw

Choose the design parameters L51; d > 0 and E > 0 such that

c11 ¼ c1 � 2
q1 þ E

a
g > 0

l1 ¼ c2 � 2
q1 þ E

a
g > 0

lj ¼
1

L2j�2
½ jL� 4nCe1b

2
j � 0

Then, it follows from (26) that

LW14� c11jej2 �
Xn
j¼1

ljz2j � Ejxzj2 þ pjjSjj2

Noticing that ð1=
ffiffi
r
p
ÞjjSjj24jjSSTjj4jjSjj2; by Theorem 2, we have the following result.

Theorem 3
For system (6)–(7), suppose Assumptions A1 and A2 hold. Then under control law (23), the
closed-loop system is stochastic disturbance attenuation in the NSS sense.

6.2. Asymptotic stabilization problem

By (24) and the definitions of Ce and D (with respect to Assumptions B1 and B2), we have

LVn4 � ½dðL� jjPjj2Þ � 2nCe2 � nL�jej2 þ 2ndðK2
f þ lmaxðPÞK

2
g Þjxzj

2

� ðnL� 4nCe2b
2
1Þz

2
1 �

Xn�1
j¼2

1

L2 j�2
½ð j þ 1ÞL� 4nCeb

2
j �z

2
j � nL3�2nz2n ð27Þ

Consider the following Lyapunov function:

W2ðxz; #xnÞ ¼ Vn þ
q2 þ E

a
Vz

where q2 ¼ 2ndðK2
f þ lmaxðPÞK

2
g Þ; E > 0: Then, similar to (26), by (9) and (27) we have

LW24 � c1jej2 � c2z
2
1 �

Xn
j¼2

ljz2j � Ejxzj2 þ
q2 þ E

a
gjyj2

4 � c1jej2 � c2z
2
1 �

Xn
j¼2

ljz2j � Ejxzj2 þ 2
q2 þ E

a
gz21 þ 2

q2 þ E
a

gjej2 ð28Þ
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where
c1 ¼ dðL� jjPjj2Þ � 2nCe2 � nL

c2 ¼ nL� 4nCe2b
2
1

lj ¼
1

L2j�2
½ jL� 4nCe2b

2
j �; j ¼ 2; . . . ; n� 1

ln ¼ nL3�2n

Ce2 ¼ 2ndðC2
f þ lmaxðPÞC

2
gÞ

Choose the design parameters L51; d > 0 and E > 0 such that

c11 ¼ c1 � 2
q2 þ E

a
g > 0

lj ¼
1

L2j�2
½ jL� 4nCe2b

2
j � > 0

l1 ¼ c2 � 2
q2 þ E

a
g > 0

Then, by (28) we have

LW24� c11jej2 �
Xn
j¼1

ljz2j � Ejxzj2

Thus, by Theorem 1 we have the following results.

Theorem 4
For system (6)–(7), suppose Assumptions B1–B3 hold. Then under control law (23), the closed-
loop system has an almost surely unique solution on ½0;1Þ; and its zero solution is GASiP.

Remark 6
Different from the previous work about output-feedback control for stochastic nonlinear
systems, in this paper, a quadratic Lyapunov function is adopted instead of a locally quadratic
or quartic function, which simplifies the controller design greatly.

Remark 7
Unlike linear time-invariant systems, here separation principle does not hold due to essential
nonlinearity of the system, and the controller design is more difficult than that in linear cases.

7. CONCLUSION

In this paper, the problems of stochastic disturbance attenuation and asymptotic stabilization
via output feedback have been studied for a class of stochastic nonlinear systems with linearly
bounded unmeasurable states. The methodology previously developed for deterministic systems
has been generalized to stochastic ones. Different from the previous work about output-
feedback control for stochastic nonlinear systems, here a quadratic Lyapunov function was
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adopted instead of a locally quadratic or quartic function. Under the assumption that the
inverse dynamics are GSISS, a linear output-feedback controller was explicitly constructed to
make the closed-loop system noise-to-state stable. When the intensity of noise is known to be a
unit matrix, under the assumption that the inverse dynamics are SISS, a linear output-feedback
controller was explicitly constructed to make the closed-loop system globally asymptotically
stable in probability.

APPENDIX A: PROOF OF THEOREM 2

Conclusion (b) comes from conclusion (a) and the definition of NSS [19] directly. So, here it
suffices to show conclusion (a).

Let

B ¼ x : jxj5a�1ðdwðjjvjj1Þ þ dww sup
t50

jjSðtÞSðtÞTjjÞ
� �� �

; Bc ¼ Rn
\B

where jjvjj1 ¼ supt50 jjvtjj ¼ supt50 infA�O;PðAÞ¼0 supfjvðxðo; tÞ; tÞj : o 2 O\Ag; and d51 is a
constant. Define a sequence of stopping times ftigi50:

t0 ¼ 0

t1 ¼
infft > t0 : xðtÞ 2 Bg if ft > t0 : xðtÞ 2 Bg=|

1 otherwise

(

t2i ¼
infft > t2i�1 : xðtÞ 2 Bcg if ft > t2i�1 : xðtÞ 2 Bcg=|

1 otherwise

(

t2iþ1 ¼
infft > t2i : xðtÞ 2 Bg if ft > t2i : xðtÞ 2 Bg=|

1 otherwise

(

where i ¼ 1; 2; . . . : Noticing that Bc is a closed set, for any t50 and any i ¼ 1; 2; . . . ; if
t 2 ½t2i; t2iþ1�; then xðtÞ 2 Bc; and if t 2 ðt2iþ1; t2iþ2Þ; then xðtÞ 2 B:

We now complete the proof by considering the following two cases: x0 2 Bc
\f0g and x0 2

B\f0g; respectively.
Case 1: x0 2 Bc

\f0g: In this case, for any t 2 ½0; t1�; xðtÞ 2 Bc:
By the definitions of t2i and t2iþ1; for any t 2 ½t2i; t2iþ1�; i ¼ 0; 1; 2; . . . ;

jxðtÞj5a�1 dwðjjvjj1Þ þ dww sup
t50
jjSðtÞSðtÞTjj

� �� �
5a�1 dwðjvjÞ þ dww sup

t50
jjSðtÞSðtÞTjj

� �� �
a:s:

which together with (5) leads to

LVðxðtÞ; tÞ4� 1�
1

d

� �
aðjxðtÞjÞ a:s: ðA1Þ

By (2) and Itô formula, we have

VðxðtÞ; tÞ ¼ Vðxð0Þ; 0Þ þ

Z t

0

LVðxðsÞ; sÞ dsþ

Z t

0

@VðxðsÞ; sÞ

@x
gðxðsÞ; vðxðsÞ; sÞ; sÞSðsÞ dwðsÞ ðA2Þ
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and by [27, p. 72], for any t50; i ¼ 0; 1; 2; . . . ;

Vðxðt ^ t2iÞ; t ^ t2iÞ ¼Vðxð0Þ; 0Þ þ

Z t^t2i

0

LVðxðsÞ; sÞ ds

þ

Z t^t2i

0

@VðxðsÞ; sÞ

@x
gðxðsÞ; vðxðsÞ; sÞ; sÞSðsÞ dwðsÞ

Vðxðt ^ t2iþ1Þ; t ^ t2iþ1Þ ¼Vðxð0Þ; 0Þ þ

Z t^t2iþ1

0

LVðxðsÞ; sÞ ds

þ

Z t^t2iþ1

0

@VðxðsÞ; sÞ

@x
gðxðsÞ; vðxðsÞ; sÞ; sÞSðsÞ dwðsÞ

From the above two equalities and Lemma 4.1 of Chapter 4 in [27], it follows that

Vðxðt ^ t2iþ1Þ; t ^ t2iþ1Þ � Vðxðt ^ t2iÞ; t ^ t2iÞ

¼

Z t^t2iþ1

t^t2i
LVðxðsÞ; sÞ dsþ

Z t^t2iþ1

t^t2i

@VðxðsÞ; sÞ

@x
gðxðsÞ; vðxðsÞ; sÞ; sÞSðsÞ dwðsÞ ðA3Þ

By Lemma 4.1 and Theorem 4.7 of Chapter 4 in [27], we obtain thatZ t^t2iþ1

t^t2i

@VðxðsÞ; sÞ

@x
gðxðsÞ; vðxðsÞ; sÞ; sÞSðsÞ dwðsÞ

¼

Z ðt_t2iÞ^t2iþ1
t2i

@VðxðsÞ; sÞ

@x
gðxðsÞ; vðxðsÞ; sÞ; sÞSðsÞ dwðsÞ a:s: ðA4Þ

Noticing that

Vðxðt ^ t2iþ1Þ; t ^ t2iþ1Þ � Vðxðt ^ t2iÞ; t ^ t2iÞ

¼ Vðxððt _ t2iÞ ^ t2iþ1Þ; ðt _ t2iÞ ^ t2iþ1Þ � Vðxðt2iÞ; t2iÞ

and Z t^t2iþ1

t^t2i
LVðxðsÞ; sÞ ds ¼

Z ðt_t2iÞ^t2iþ1
t2i

LVðxðsÞ; sÞ ds

by (A3) and (A4), we have

Vðxððt _ t2iÞ ^ t2iþ1Þ; ðt _ t2iÞ ^ t2iþ1Þ¼Vðxðt2iÞ; t2iÞ þ
Z ðt_t2iÞ^t2iþ1
t2i

LVðxðsÞ; sÞ ds

þ

Z ðt_t2iÞ^t2iþ1
t2i

@VðxðsÞ; sÞ

@x
gðxðsÞ; vðxðsÞ; sÞ; sÞSðsÞ dwðsÞ a:s:

According to the above equality and (A1), noticing that d51; we obtain that the process
Vi

t :¼ Vðxððt _ t2iÞ ^ t2iþ1Þ; ðt _ t2iÞ ^ t2iþ1ÞÞ is a supermartingale.
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Thus, by [19, Theorem 3.3], for any E0 2 ð0; 1Þ; there exists a class KL-function bið�; �Þ
such that

Pfjxððt _ t2iÞ ^ t2iþ1Þj5biðjxt2i j; tÞg51� E0 8t50; xðt2iÞ 2 Rn
\f0g

In particular, for i ¼ 0; if we write b0 as b; then

Pfjxðt ^ t1Þj5bðjx0j; tÞg51� E0 8t50; x0 2 Rn
\f0g ðA5Þ

Now let us pay attention to xðt _ t1Þ: Define

A ¼
[1
i¼0

ðt2iþ1; t2iþ2Þ; C ¼
[1
i¼1

½t2i; t2iþ1�

Then, A \ C ¼ | and ðt1;1Þ ¼A [ C; and hence,

E½Vðxðt _ t1Þ; t _ t1Þ� ¼E½Vðxðt _ t1Þ; t _ t1Þ � Ift2½0;t1�g�

þ E½Vðxðt _ t1Þ; t _ t1Þ � Ift2ðt1;1Þg�

¼E½Vðxðt1Þ; t1Þ � Ift2½0;t1�g� þ E½Vðxðt _ t1Þ; t _ t1Þ � Ift2Ag�

þ E½Vðxðt _ t1Þ; t _ t1Þ � Ift2Cg�

¼E½Vðxðt1Þ; t1Þ � Ift2½0;t1�g� þ
X1
i¼0

E½VðxðtÞ; tÞ � Ift2ðt2iþ1;t2iþ2Þg�

þ
X1
i¼1

E½VðxðtÞ; tÞ � Ift2½t2i ;t2iþ1�g� ðA6Þ

Since Vi
t :¼ Vðxððt _ t2iÞ ^ t2iþ1Þ; ðt _ t2iÞ ^ t2iþ1Þ is a supermartingale, we have

E½Vðxððt _ t2iÞ ^ t2iþ1Þ; ðt _ t2iÞ ^ t2iþ1Þ�4E½Vðxðt2iÞ; t2iÞ� ðA7Þ

By the continuity of the trajectory, xðt2iÞ and xðt2iþ1Þ lie on the boundary of the set B; i.e.
xðt2iÞ ¼ xðt2iþ1Þ ¼ a�1ðdwðjjvjj1 þ dwwðsupt50 jjSðtÞSðtÞ

T
jjÞÞ is a constant. Hence, we have

E½Vðxðt1Þ; t1Þ � Ift2½0;t1�g�4Pft 2 ½0; t1�g a2 a�1 dwðjjvjj1Þ þ dww sup
t50

jjSðtÞSðtÞTjj
� �� �� �� �

ðA8Þ

and by (A7) and (4),

E½VðxðtÞ; tÞ � Ift2½t2i ;t2iþ1�g� ¼E½Vðxððt _ t2iÞ ^ t2iþ1Þ; ðt _ t2iÞ ^ t2iþ1Þ � Ift2½t2i ;t2iþ1�g�

¼E½Vðxððt _ t2iÞ ^ t2iþ1Þ; ðt _ t2iÞ ^ t2iþ1Þ�

� E½Vðxððt _ t2iÞ ^ t2iþ1Þ; ðt _ t2iÞ ^ t2iþ1Þ � Ift5t2ig�

� E½Vðxððt _ t2iÞ ^ t2iþ1Þ; ðt _ t2iÞ ^ t2iþ1Þ � Ift>t2iþ1g�

¼E½Vðxððt _ t2iÞ ^ t2iþ1Þ; ðt _ t2iÞ ^ t2iþ1Þ�

� E½Vðxðt2iÞ; t2iÞ � Ift5t2ig�

� E½Vðxðt2iþ1Þ; t2iþ1Þ � Ift>t2iþ1g� ðA9Þ
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4E½Vðxðt2iÞ; t2iÞ� � a1ðjxðt2ijÞ � Pft5t2ig

� a1ðjxðt2iþ1jÞ � Pft > t2iþ1g

4a2 a�1 dwðjjvjj1Þ þ dww sup
t50

jjSðtÞSðtÞTjj
� �� �� �

� a1 a�1 dwðjjvjj1Þ þ dww sup
t50

jjSðtÞSðtÞTjj
� �� �� �

� Pft5t2ig [ ft > t2iþ1g

¼Pft 2 ½t2i; t2iþ1�g � a1 a�1 dwðjjvjj1Þ þ dww sup
t50

jjSðtÞSðtÞTjj
� �� �� �

þ a2 a�1 dwðjjvjj1Þ þ dww sup
t50
jjSðtÞSðtÞTjj

� �� �� �

� a1 a�1 dwðjjvjj1Þ þ dww sup
t50

jjSðtÞSðtÞTjj
� �� �� �

4Pft 2 ½t2i; t2iþ1�g � a2 a�1 dwðjjvjj1Þ þ dww sup
t50

jjSðtÞSðtÞTjj
� �� �� �

þ a2 a�1 dwðjjvjj1Þ þ dww sup
t50

jjSðtÞSðtÞTjj
� �� �� �

Noticing that t 2 ðt2iþ1; t2iþ2Þ implies xðtÞ 2 B; we haveX1
i¼0

E½VðxðtÞ; tÞIft2ðt2iþ1;t2iþ2Þg�

4
X1
i¼0

Pft 2 ðt2iþ1; t2iþ2Þg � a2 a�1 dwðjjvjj1Þ þ dww sup
t50

jjSðtÞSðtÞTjj
� �� �� �� �

ðA10Þ

Thus, by (A6), (A8)–(A10) one can obtain

E½Vðxðt _ t1Þ; t _ t1Þ�42a2 a�1 dwðjjvjj1Þ þ dww sup
t50
jjSðtÞSðtÞTjj

� �� �� �
ðA11Þ

Recalling that Vðx; tÞ is nonnegative, we have

E½Vðxðt _ t1Þ; t _ t1Þ�

5E½Vðxðt _ t1Þ; t _ t1Þ � IfVðxðt_t1Þ;t_t1Þ5dða2ða�1ðdwðjjvjj1Þþdwwðsupt50jjSðtÞSðtÞ
T
jjÞÞÞÞg�

5 d a2 a�1 dwðjjvjj1Þ þ dww sup
t50
jjSðtÞSðtÞTjj

� �� �� �� �� �

� P Vðxðt _ t1Þ; t _ t1Þ5d a2 a�1 dwðjjvjj1Þ þ dww sup
t50

jjSðtÞSðtÞTjj
� �� �� �� �� �

ðA12Þ
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This together with (A11) gives

P Vðxðt _ t1Þ; t _ t1Þ5d a2 a�1 dwðjjvjj1Þ þ dww sup
t50

jjSðtÞSðtÞTjj
� �� �� �� �� �

4
2a2ða�1ðdwðjjvjj1Þ þ dwwðsupt50 jjSðtÞSðtÞ

T
jjÞÞÞ

dða2ða�1ðdwðjjvjj1Þ þ dwwðsupt50 jjSðtÞSðtÞ
T
jjÞÞÞÞ

4E00 ðA13Þ

where E00 2 ð0; 1Þ can be made arbitrarily small by an appropriate choice of d 2K1: Thus, by (4)
and (A13), we have

P jxðt _ t1Þj5a�11 d a2 a�1 dwðjjvjj1Þ þ dww sup
t50

jjSðtÞSðtÞTjj
� �� �� �� �� �� �

51� E00 ðA14Þ

Let gðsÞ ¼ a�11 ðdða2ða
�1ð2dwðsÞÞÞÞÞ and gwðsÞ ¼ a�11 ðdða2ða

�1ð2dwwðsÞÞÞÞÞ: Then, by simple
calculations, it can be verified that for any t50;x0 2 Bc

\f0g;

P jxðtÞj5bðjx0j; tÞ þ gðjjvjj1Þ þ gw sup
t50

jjSðtÞSðtÞTjj
� �� �

5P jxðtÞj5bðjx0j; tÞ þ a�11 d a2 a�1 dwðjjvjj1Þ þ dww sup
t50

jjSðtÞSðtÞTjj
� �� �� �� �� �� �

5P

�
fjxðt ^ t1Þj5bðjx0j; tÞg

[ jxðt _ t1Þj5a�11 d a2 a�1 dwðjjvjj1Þ þ dww sup
t50

jjSðtÞSðtÞTjj
� �� �� �� �� �� ��

Combining this with (A5) and (A14) leads to

P jxðtÞj5bðjx0j; tÞ þ gðjjvjj1Þ þ gw sup
t50

jjSðtÞSðtÞTjj
� �� �

5maxf1� E0; 1� E00g

¼ 1�minfE0; E00g ¼4 1� E 8t50; x0 2 Bc
\f0g ðA15Þ

Case 2: x0 2 B\f0g: In this case t1 ¼ 0 a.s.
When t > 0; Pft 2 ðt1;1Þg ¼ Pft 2 ð0;1Þg ¼ 1: Following the proof of Case 1, we know that

(A14) still holds, and then,

P jxðtÞj5bðjx0j; tÞ þ gðjjvjj1Þ þ gw sup
t50
jjSðtÞSðtÞTjj

� �� �

¼ P jxðtÞj5bðjx0j; tÞ þ a�11 d a2 a�1 dwðjjvjj1Þ þ dww sup
t50

jjSðtÞSðtÞTjj
� �� �� �� �� �� �

ðA16Þ
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¼ P jxðt _ t1Þj5bðjx0j; tÞ þ a�11 d a2 a�1 dwðjjvjj1Þ þ dww sup
t50

jjSðtÞSðtÞTjj
� �� �� �� �� �� �

5P jxðt _ t1Þj5a�11 d a2 a�1 dwðjjvjj1Þ þ dww sup
t50

jjSðtÞSðtÞTjj
� �� �� �� �� �� �

51� E00

When t ¼ 0; by the definition of the set B and the definition of the function g; we obtain

P jxð0Þj5bðjx0j; 0Þ þ gðjjvjj1Þ þ gw sup
t50
jjSðtÞSðtÞTjj

� �� �

5P jxð0Þj5gðjjvjj1Þ þ gw sup
t50

jjSðtÞSðtÞTjj
� �� �

¼ 1

which implies

P jxð0Þj5bðjx0j; 0Þ þ gðjjvjj1Þ þ gw sup
t50

jjSðtÞSðtÞTjj
� �� �

¼ 1 ðA17Þ

Thus, by (A16) and (A17), we have

P jxðtÞj5bðjx0j; tÞ þ gðjjvjj1Þ þ gw sup
t50

jjSðtÞSðtÞTjj
� �� �

51� E 8t50; x0 2 B\f0g ðA18Þ

In conclusion, by (A15) and (A18), we have

P jxðtÞj5bðjx0j; tÞ þ gðjjvjj1Þ þ gw sup
t50

jjSðtÞSðtÞTjj
� �� �

51� E 8t50; x0 2 Rn
\f0g

By causality, we obtain

P jxðtÞj5bðjx0j; tÞ þ g sup
04s4t

jjvsjj

� �
þ gw sup

04s4t

jjSðsÞSðsÞTjj
� �� �

51� E 8t50; x0 2 Rn
\f0g

The proof is complete. &

APPENDIX B: PROOF OF LEMMA 1

As shown in Step 1 of Section 5, Lemma 1 holds with k ¼ 1: Now, we demonstrate Lemma 1 by
induction. Assume that Lemma 1 is true for Step k� 1; we will show that Lemma 1 is still true
for Step k: For this purpose, consider the following function:

Vk ¼ Vk�1 þ
1

2L2k�2
z2k
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where
zk ¼ #xk � fk�1ð #xk�1Þ; fk�1 ¼ �Lbk�1zk�1

zk�1 ¼ #xk�1 þ Lbk�2 #xk�2 þ L2bk�2bk�3 #xk�3 þ � � � þ Lk�2bk�2bk�3 � � � b1 #x1

Then, it follows from (11) that

dzk ¼ #xkþ1 þ Lkake1 þ Lbk�1
Xk�1
j¼1

@zk�1
@ #xj
ð #xjþ1 þ Ljaje1Þ

 !" #
dt

¼ #xkþ1 þ Lkake1 þ
Xk�1
j¼1

Lk�jbk�1 � � � bjðzjþ1 � Lbjzj þ Ljaje1Þ

" #
dt

¼ ½ #xkþ1 þ Lkake1 þ Lk�1bk�1 � � � b1ðz2 � Lb1z1þLa1e1Þ þ Lk�2bk�1 � � � b2ðz3 � Lb2z2þL
2a2e1Þ

þ � � � þ Lbk�1ðzk � Lbk�1zk�1 þ Lk�1ak�1e1Þ� dt

¼ ð #xkþ1 þ Lk *dke1 þ Lkdk1z1 þ Lk�1dk2z2 þ � � � þ LdkkzkÞ dt

where

*dk ¼ ak þ bk�1 � � � b1a1 þ bk�1 � � � b2a2 þ � � � þ bk�1ak�1

dk1 ¼ � bk�1 � � � b1b1

dk2 ¼ bk�1 � � � b2b1 � bk�1 � � � b2b2

dkj ¼ bk�1 � � � bjbj�1 � bk�1 � � � bjbj ; j ¼ 3; . . . ; k� 1

dkk ¼ bk�1

Thus, by Itô formula and Young inequality, we obtain

LVk ¼LVk�1 þ
1

L2k�2
zkð #xkþ1 þ Lk *dke1 þ Lkdk1z1 þ Lk�1dk2z2 þ � � � þ LdkkzkÞ

4LVk�1 þ
1

L2k�2
zkðzkþ1 þ fkÞ þ zk

1

Lk�2
*dke1 þ

1

Lk�2
dk1z1

�

þ
1

Lk�1
dk2z2 þ � � � þ

1

L2k�3
dkkzk

�

4LVk�1 þ
1

L2k�2
zkðzkþ1 þ fkÞ þ

*d2
k

4L2k�3
z2k þ Le21

 !
þ

d2
k1

4L2k�3
z2k þ Lz21

� �

þ
d2
k2

4L2k�3
z2k þ

z22
L

� �
þ � � � þ

d2
k;k�1

4L2k�3
z2k þ

1

L2k�5
z2k�1

 !
þ

1

L2k�3
dkkz

2
k

¼LVk�1 þ
1

L2k�2
zkðzkþ1 þ fkÞ þ z2k

1

L2k�3

*d2
k

4
þ

d2
k1

4
þ � � � þ

d2
k;k�1

4
þ dkk

" #

þ Le21 þ Lz21 þ
1

L
z22 þ � � � þ

1

L2k�5
z2k�1 ðB1Þ
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This together with (22) leads to

LVk4 � ½dðL� jjPjj2Þ � 2nCe � kL�jej2 þ 2nCe
j #xkþ2j

2

L2kþ2
þ � � � þ

j #xnj
2

2L2n�2

� �

þ D� ð2nL� 4nCeb
2
1 � kLÞz21 �

Xk�1
j¼2

1

L2j�2
½ðnþ j � kþ 1ÞL� 4nCeb

2
j �z

2
j

þ
4nCe

L2k�2
z2k þ

1

4L2k�3
z2k þ

1

L2k�2
zkðzkþ1 þ fkÞ

þ
1

L2k�3
z2k

*d2
k

4
þ

d2
k1

4
þ � � � þ

d2
k;k�1

4
þ dkk

" #
þ 2nCe

j #xkþ1j
2

L2k

þ
1

L
z22 þ � � � þ

1

L2k�5
z2k�1 ðB2Þ

Notice that

2nCe
j #xkþ1j

2

L2k
4 2nCe

jzkþ1 þ fkj
2

L2k
4

4nCez
2
kþ1

L2k
þ

4nCef
2
k

L2k

1

L2k�2
zkzkþ14

L2k�3z2kþ1
4L4k�4

þ
1

L2k�3
z2k ¼

z2kþ1
4L2k�1

þ
1

L2k�3
z2k

Then, by (B2) we havez

LVk4 � ½dðL� jjPjj2Þ � 2nCe � kL�jej2 þ 2nCe
j #xkþ2j

2

L2kþ2
þ � � � þ

j #xnj
2

2L2n�2

� �

� ð2nL� 4nCeb
2
1 � kLÞz21 �

Xk�1
j¼2

1

L2j�2
½ðnþ j � kþ 1ÞL� 4nCeb

2
j �z

2
j

þ
1

L2k�2
zk fk þ 4nCeLzk þ

L

4
zk þ

L *d2
k

4
zk þ

Ld2
k1

4
zk þ � � �

"
ðB3Þ

zWhen k ¼ n; zkþ1 ¼ 0 in (B1), we have

LVn4 � ½dðL� jjPjj2Þ � 2nCe � nL�jej2 � ðnL� 4nCeb
2
1Þz

2
1 �

Xn�1
j¼2

1

L2 j�2
½ð j þ 1ÞL� 4nCeb

2
j �z

2
j

þ
1

L2n�2
zn½fn þ Lðbn � nÞzn� þ

1

L
z22 þ � � � þ

1

L2n�5
z2n�1 þ D

where bn ¼ nþ 4nCe þ 1=4þ *d2
n=4þ d2

n1=4þ � � � þ d2
n;n�1=4þ dnn:
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þ
Ld2

k;k�1

4
zk þ Ldkkzk þ Lzk

#
þ

z2kþ1
4L2k�1

þ
4nCez

2
kþ1

L2k
þ

4nCef
2
k

L2k

þ
1

L
z22 þ � � � þ

1

L2k�5
z2k�1 þ D; k ¼ 2; . . . ; n� 1

Take the virtual control law

fk ¼ �Lbkzk; k ¼ 2; . . . ; n� 1

where

bk ¼ nþ 4nCe þ
1

4
þ

*d2
k

4
þ

d2
k1

4
þ � � � þ

d2
k;k�1

4
þ dkk þ 1; k ¼ 2; . . . ; n� 1

Then, it follows from (B3) that

LVk4 � ½dðL� jjPjj2Þ � 2nCe � kL�jej2 þ 2nCe
j #xkþ2j

2

L2kþ2
þ � � � þ

j #xnj
2

2L2n�2

� �

� ð2nL� 4nCeb
2
1 � ðkþ 1ÞLÞz21 �

Xk
j¼2

1

L2j�2
½ðnþ j � kÞL� 4nCeb

2
j �z

2
j

þ
z2kþ1

4L2k�1
þ

4nCe

L2k
z2kþ1 þ D

The proof is complete. &
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